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Abstract The three dimensional chemostat with nth and mth order polynomial
yields, instead of the particular one such as A + BS, A + BSZ,A + BS3,A + BS*,
A + BS? + CS3 and A + BS", is proposed. The existence of limit cycles in the two-
dimensional stable manifold, the Hopf bifurcation and the stability of the periodic
solution created by the bifurcation are proved.
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1 Introduction

Bioreactors often serve as laboratory models that are used to manufacture products
by microorganisms [7,15]. In most of the bioreactor models, the yield coefficients
are assumed to be constants. However, this assumption failed to explain the oscilla-
tory behavior in the culture vessel observed in the experiments (see [2,14]). Some
authors suggested that the stoichiometric yield coefficient to be a function of substrate
concentration and such hypothesis was analyzed in a series of theoretical studies in
chemical engineering literature [1,4,5]. The studies showed that if the yield coeffi-
cient increases non-linearly with substrate concentration, then in a suitable parameter
range, the stable rest state may undergo a Hopf bifurcation and have a limit cycle.
The yield coefficient depends on the substrate concentration is now well established
in experimental literature (see, for instance [2,6,8—-14]).
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In [2,12,14] the modeling approach developed in [1,4,5] has been modified and
the yield coefficients are assumed to be a function of the substrate concentration. The
properties of the equilibrium points, and the existence of limit cycles have been dis-
cussed. A three dimensional chemostat with two microorganisms which are both with
linear yields was studied by Song and Li [16]. In the model the functional reaction
functions were of the Monod type, and the yield coefficients were assumed linear
functions of the concentration of nutrient. In a recent paper [13], the authors assumed
that one of the two yield coefficients was a simple quadratic function and discussed the
stability of the solution. We are going to generalize the yield functions in [12,13,16]
to the nth and mth order polynomials and extend the functional reactions from the
Monod type to general nondecreasing functions, and we study the equilibrium points,
the globally asymptotically stability of the solutions, the existence of limit cycles in
the two-dimensional stable manifold, the Hopf bifurcation, and the stability of the
periodic solution created by the bifurcation for the system.

A polynomial with degree bigger than 1 is one of the simplest nonlinear functions
in mathematics. Based on the strong support from the lab experiments, several authors
have used some simple polynomials with degrees 2, 3, 4, or even n as the yield func-
tions in the literature [2,12-14,16]. For example, Pilyugin and Waltman provided a
numeric example with the yields of the first microorganism 81 (S) = 14 505> and the
second §2(S) = 120, and obtained multiple limit cycles in computer simulating (see
Fig. 1, and page 161, Fig. 4 [14]). These limit cycles are obtained for different values
of the bifurcation parameters.

Fig. 1 The Existence of more limit cycles in the chemostat with the cubic yield §;(S) = 1 + 508> and
constant yield §, = 120
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It is easy to see that the above numerical example is a special case of our system
(2) with Ag = 1, A3 =50, B) = 120,and A; =0,i =1,2,4,...,n,B; =0,i =
1,2, ..., m. Another example with §;(S) = Ag + A, S", and §,(S) = const. can be
found in the paper of Arino et al. [2]. For particular, some numerical simulation with
51(8) =1+ 184, ¢1 varies and 82(S) = 120 is given in [2]. Therefore, in this paper,
we propose a general mode with the nth and mth order polynomial yields, instead of
the particular ones such as A + BS, A + BS%, A+ BS3, A+ BS* A+ BS? + CS? and
A + BS". This generalization is supported strongly by the literature [2,12-14,16], and
a thorough mathematical analysis for the model is, of course, interesting.

2 The model

Let S(z) denote the concentration of nutrient in the vessel at time 7, x(z) and y(¢), the
concentration of the two microorganisms. The model of two microorganisms takes
the form (see [2,12,14], for instance):

as _ (s s 1 s 1 S

E_( 0 — )Q—agl( )X—ng( )Y,

d_x = (S) —

dt _x(gl Q)a

dy

o = y(g2(S) — O,

$(0) = So > 0,x(0), y(0) >0, (nH

where Sy is the input concentration of nutrient Q is the washout rate, g; (S),i = 1,2
are the growth rates of microorganisms, and ,i = 1,2, are the yield coefficients,
in which §; = §;(S),i = 1, 2, are functions of S All these parameters are positive.

Usually, g; (S) takes the form of ,? L +SS, i=1,2.

System (1) with the yield coefficients 6; (S) = A; + S, gi (S) = 2 +S,i =1,2,and

81(S) = A + BSZ, 5,(S) = const., gi(S) = k,-TSS’l = 1, 2 was studied in [13,16],
and with §1(S) = 1 + 5083, 62(8) = 120 was studied in [14], and §;(S) =
508, 8,(S) = 120 in [2], respectively. Here we investigate system (1) with 61(S) =
Ag+A1S+---+A,5",82(S) = Bo+B1S+---+ B, 8", and g; (S),i = 1, 2, the two
general functions with the assumptions that g; (0) = 0, glf > 0,7 = 1, 2. For the yield
coefficients, we assume that A; > 0,i =0,1,2,...,n,B; >0,j=0,1,2,...,m
with at least, one of A; and one of B; positive. This model is for the case when the
production of the microbial biomasses is more sensitive to the concentration of the
nutrient in the vessel than the cases in [12,13,16,19].
Performing the standard scaling for the chemostat, let

_ S _ x _ vy S gi(SSo) .
S=—X=—,y="7,71=0t,88) =——, i =1,2,
So X So y So T 01, gi(S) 0 l

and then drop the bars and replace T with ¢, system (1) becomes
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dS—l P . N
dr A0+A150S+...+An5615ngl
y
— 5
B0+BISOS+"‘+BmS(’)"Smg2( )

dx
7 S)—1).
dt x (g1(8) )
2 (&5 -1 o
dt = Y82 .

Here, the parameters have been scaled by the operating environment of the chemo-
stat, which are determined by Sp and Q. The variables are non-dimensional and the
discussion is in

{(S,x,y) |10<S<1, x>0, y>0}.
Due to the biological background, it is assumed that all these coefficients A;,i =
0,1,...,nand B;,i =0, 1, ..., m are non-negative but not all zeros.

Leta; = g ' (1),i = 1,2. We have [3],

Lemma 1 For system (2),
. dx .
@) ifg1(S) <1, then — <0, and lim x(t) = 0;
dt t—00
o dy .
@ii) if g2(8) < 1, then — < 0, and lim y(t) =0.
dt t—00
(Note that g;(S) < 1on 0 < S < 1 implies that g;(1) < gi(X;), and then A; > 1.)

Proof Let x(¢) be the solution of

dX® _ s
7 = @)= D),

X(t0) = x(10).

It follows that 0 < x(¢) < £(¢); then limy_ oo £(t) = lim;_ o0 x (fg)e@D D! = 0,
since g1(1) — 1 < 0. Therefore, lim;_, oc x(t) = 0. Similarly, lim,_, o, y(t) = 0.
In the case of A; = 1, consider the system

di(n) _ )
~ = = (i($) = D).

x(to) = x(19).

The same argument as above can show that lim;_, o, x(¢) =0on 0 < § < 1. By the
continuity of the solution on the variable S, we still have lim;_, o, x(#) = 0. Therefore,
in order to avoid the microorganisms vanishing, we need to assume 0 < A; < 1,i =
1,2. O
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System (2) has the following three possible equilibrium points:

Eo(1,0,0), Ey(A1, (1 =A1)(Ag+ A1Sort + -+ + A,85517), 0) if 0<Ay <1, and
E>(X2,0, (1 —A2)(Bo + B1Soha + -+ + BmSS" 31)) if 0 <Xy < 1.

Denote
O1=(A14+ ArSor +-- -+ Ansgil)»'f*l)So,
02 = (B1+ BySora + -+ BmS(r)n—l)Lgn_l)So’
and
— _ AZSO+2A3S§)‘1+'“+("—1)An5871)»’11’2 -
R 1 2)\:1 +)\l(l )\'1) ( A1+A2SO)\1+...+Ans6l*1)Lriz—l gl()\,l)
1= ’
I+ 1= g ()
_ _ BZSO+ZB3S%)‘2+‘“+(’"—1)BmSg”l)J2"*2 -
R 1 2)\42 + )\-2(1 )¥2) ( Bl+BzS())Lz+...+BmSg1—l)Ly2y,71 32()‘2)
2 =

14+ (1 = x2) g5(A2)

Our main results are in the next section.

3 Main theorems and proofs

For the property of the equilibrium points, we have

Theorem 1 (i) Eg is always an equilibrium point. It is globally asymptotically stable
ifAi > 1,0rgi(1) < 1,i =1, 2. It is unstable if either inequality is reversed.

(ii) Eq existsifand only if 0 < A1 < 1,0rg1(1) > 1.Ifitexists, it is possible to have
a two-dimensional stable manifold (the plane x = 0), and is locally asymptotically
stable if A—? > Ry and A < \», and unstable if either inequality is reversed.

(iii) Ey exists if and only if 0 < Xo < 1, or go(1) > 1. If it exists, it is possible
to have a two-dimensional stable manifold (the plane y = 0), and is locally stable if

% > Ry and A > Ly, and unstable if either inequality is reversed.

Proof The Jacobian matrix of (2) takes the form

Jit j12 Jji13
J(S, x,y) = Jju Jj j23 | 3)
J31 J32 J33
where
1 X
(Ag+ A1SoS + -+ A, 8552
X (g1(S)(Ag + A1SoS + - - + A, SES™)

Jjii=—
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—81(S)(A1S0 + 2A2S§S 4+t nAnS(r)lSn—l))

y /
- S
(Bo+ B1SoS + - -+ + By S S™)? (82(5)

X (Bo 4+ B1SoS + -+ + By Sy’ S™)
— g2(S)(B1So 4 2B2S3S + -+ -+ mB, SI'S" 1),

o 21(5)
I A ¥ ALSS + -+ A SEST
. 82(5)

J13 =

" Bo+ BiSoS+ -+ BpSySm
21 =x81(8), jo2 = g1(8) — 1, jo3 = j32 =0,
731 = y85(S), j3z = g2(S) — 1.

The corresponding characteristic equation for Ej is

(r = (g2001) = 1) (2 + bir +e1) =0, )

where

b

[y

A1So + 242820 + - +nA, SN
=141 - g o) — 22T 22%0% 0%
A0+AISO)‘«1+"‘+AI1S(’)1)L’11

c1=(1—=2x1)g () >0.

If by > 0, orif Ao o R 1 and A1 < A2, then the three roots of (4) are either negative or
with negative real parts. Hence E| is locally asymptotically stable, and it is unstable
if either of the inequality is reversed. Obviously, the plane y = 0 is a stable manifold
of (2).

Similarly, we can prove the result (iii) for E>.

When ); > 1,i = 1, 2, then E and E» do not exist and E|) is the only equilibrium,
the global statement of (i) can be established by comparison theorems using (2) and
the flow on each of the invariant sets x = 0 and y = 0. The same comparison argument
and the Butler-MeGehee Theorem (see Smith and Waltman [15], p. 12) shows that if
only one of Ej and E; exists, that equilibrium point is globally asymptotically stable.
The proof of Theorem 1 is completed. O

Theorem 2 System (2) has a positive invariant set Q2 which takes the form:

{(S,x, )] 0<S<M —x — y,0=<x< (Ag+A1Sori+ - +A,SGAT])
(1 — A1) +800<y< (Bo+B1Sora+ - - + B, S§'A5')
(1 — Xp) +&9, 0<M <+o00, g9>0, const.} .

Proof We are going to show that any trajectory initiated at (S, x, y) in the open positive
octant will enter into €2 as r — +o00. In fact, by the first equation of (2), any trajectory
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starting in { (S, x, ¥)| S < 0, x > 0, y > 0} will cross the face S = 0 into the positive
octant in R3. But the reverse is not true.
Consider the facer = S+x+y—M =0(0 < M < 400), and

. dS+dx+dy
w0 \dt dr dt

1
:1—M—x( i _1)
Ao+ A1So(L —x —y) + -+ A, SG(M — x — y)"
xg1(M —x —y)

dm
dt

S=M-—x—y

1
— -1
y(B()-l-BlSo(M—x—y)+"'+BmS6"(M—x—y)m )
xg(M —x —y).

Since x,y, g1, g2 are bounded, and A;, B;,i = 0,1,...,n,j = 0,1,...,m are
positive, ‘3—7; r—o < Ofor sufficiently large M. Therefore, the trajectory will cross the
face m = 0 into €.

Moreover, % | Se0 = 1 > 0, and both the faces x = 0 and y = 0 are the solutions
of (2). Thus, 2 is positively invariant under (2). O

In the case when one of the microorganisms is going to vanish, some nonlinear
oscillatory phenomena for the microorganism and the nutrient occur. In other words,
in the corresponding stable manifold, a limit cycle exists. We recall the following
result [11].

Consider the system

d
&gy -1,

dt
dy . 8»)
E_l y F(y)x, ©)

where g(0) =0, g'(y) = 0, F(y) > 0, F'(y) = 0.
In {(x,y)|0 < x <1,y > 0}, system (5) has two equilibrium points (0, 1), and
(x*, y*)if g(1) > 1, where
=1 yHFGY, y =g ().

It is easy to see that that(0, 1) is globally asymptotically stable if g(1) < 1, a saddle

if g(1) > 1.
Denote
d (g
=1 4+xt = (—) . 6
p +x dy \F |> y (6)
The following theorem was established [11]. O
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Theorem H Assume g(1) > 1.If p > 0, then (x*, y*) is stable; if p < 0, itis unstable
and there exists at least one limit cycle in (5) surrounding the equilibrium(x*, y*).

On the face y = 0, the two dimensional stable manifold, system (2) is reduced to

dS 1

2 o5 21(9)

dt A()+A1S()S+"'+An56’5"

@S -1 )
— =X — S

dr 81

which is a special case of (5) iflety = S, g(y) = g(S), F(y) = Ao+ A1S0S+---+
A, Sy S". By Theorem H, it follows

Theorem 3 If 0 < Ay < 1, system (7) has two equilibrium points: M1(1,0), and
Mo(A, (1 —X)(Ag +A1SoS +---+ AnS(’)‘S”)). M, is a saddle, and M is stable if
Ao o R 1, and unstable if Ao Ry. In the case when M is unstable, there is at least

one limit cycle of (7) surrounding M> on the face y = 0.

Similarly, if x = 0,then the projection of (2) on the stable manifold x = 0, has two
equilibrium points: N (1, 0) and N2 (A2, (1 — A2)(Bo + B1Sorz + - -+ + By Sy A7)).
We have

Theorem 4 Assume 0 < Ay < L. If % > Ry, then is stable; if B—g < Ry, then
N> is unstable and there exists at least one limit cycle on the stable manifold x = 0
surrounding N».

Regarding the bifurcation on the two-dimensional stable manifolds, the following
theorems are valid.

Theorem 5 System (7) undergoes a Hopf bifurcation on the face y = 0 when % =
R;.

Proof Let J (M>) be the Jacobian at M». The corresponding characteristic equation is

24+ bir+c =0. 8)
Let % = p. Denote by, the coefficient of r in the above equation, as 7rJ (%), or
trJ(u), where
14 A2So+2A383A +-4(n—1) A, S A2

AL+A2Sohi+--+An Sy AT
®+ A

trdJ(p) =1+ 1 =21 | &) — -9

Since

A2S0+2A3S§}‘1+"'+("*1)Ansg’1)\’|1*2
A1+AZSO)‘1+"'+AnSg_IA'I'_1

(R + 11)?

1+

d
@WJ(M) lu=r, = A —211) > 0,
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trJ(w) is increasing at © = Ry, and the phase structure of M» changes from unstable
to stable at R; as the parameter w increases. So (7) undergoes a Hope bifurcation at
£% = R) by the definition Zhang [18]. o

Theorem 6 If x = 0, then for the equilibrium point N, the projecting system of (2)
on the stable manifold x = 0 undergoes a Hopf bifurcation at % = R».

The stability of the periodic solution created by the bifurcation can be shown as

follows. For the simplicity, we assume that the functional responses take the special
m,-S

form g; (S) = m,i =1, 2 in the proof.

Theorem 7 The periodic solution of system (7) created by the bifurcation at % =R
is stable when 0 < % — R < 1, and g3 < 0 (where g3 is defined as in (14)).

Proof We first make the following transformation:
S=8—h,%=x—(1—r)(Ao+ A1Sort + - -+ A, SGAD).
Let
dit = (Ao + A1So(S + A1) + -+ + ApS§(S + A" k1 + S + Ap)dr,

and denote a = Ag + A1Sort + - -+ + Ay SgAY, b =k + A1, d = 1 — Ay, then drop
the bars above the variables, system (7) now takes the form:

‘i—f = [a(d — b) + bd(A1So + ChALS3h1 + -+ CP 1 A8 — adm 1S
—miAx —mxS

+[(d — b)(A1So + C3A2S3A1 +--- + CI A, SEAT

+bd(A2S§ + CYA3SgA + - -+ CI2 A, S§AT2) — al s

+[(d — b)(A2S3 + CYA3SIA + -+ CP 2 A, SEA2)

+bd(A3S3 + CHA4SGAL + -+ CI3 A, SEAT)

—(A1S0 + ChALSZhy + -+ CIT AL ISEAT 1S3 + -

+[(d = b)(Au—1S§~" + CLA,SEA) + bd A, S}

—(ApaSET2 - C A1 ST+ C2 A, SIS

+[(d = b)A, Sy — (Ap—1 S+ Cr A, SEAD IS — A, 885" +2,

dx
— =(m; — DS+ adS)(Ayg + A1So(S + A1) +A2S(2)(S+)»1)2 + -

dt
+A, 85 (S + ")
= (m; — 1)(xS +adS)(a+ A1So + CaA2Sqr + -+ CI 1A, SEAT s
+(A2SE 4+ CIASS3AL + -+ CI2 A, SEAT2) 82
+(A3S3 + CA4SGI + -+ C 34,5000 8% + -
F(Ano1 ST+ CLALSEAD) S T 4 A, SES”
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Note that, here C

= o= k),,k = 0,1,2,...,n, the combination coefficients.
Denote

Al = A1So + CYALSFhy + CIASSIAT 4 -+ C 7l A, S,
Ay = ApS3 + CIA3SIA + CTALSGAT + -+ CI2 A, SEA 2,
A3 = A3S3 4 CLALSGM + C2ASSIAT + - + CI 3 A, 80003,

Apot = Ap 1 SPTHCLA,SEA,

Ay = A,S].

Write the above systemin A;,i = 1,2,...,n,
ds _
I = ((d —b)a+bdAy —adm)S —milix —mixS

+((d —b)A| +bdAs —a)S*> + ((d — b)As + bdAz — A))S> +

+((d = b)Ay—y +bdA, — Ay2)S" + ((d — b)A, — Ay_)S"T — 4,812,
dx _ _
i (my — D(a(ad +x)S + A1 (x +ad)S? + -+ Ay(x +ad)S"). (10)

Note that the condition A—(l’ = Rj is now equivalent to a(d — b) + bd A; —adm; = 0.
Then, system (10) is equivalent to

ds miki

— = —————x —mxS+[(d - b)A; +bdA; — a)S* +
dt mp—1

+((d —b)A, — Ay S"H — A, 8", (11)
dx 2 n 2
i (my — Da“dS + (m; — D(axS + A1 (x +ad)S

+As(x +ad)S® + - + Ay (x + ad)S"t).

R Jmiky G T
By another transformation: § = —a(MI_l))ﬁS,x =X, = amt and drop the

bars, system (11) becomes

‘;—f =—x+a18? —axS+a3S +asSt 4+ -+ ap1 S — 4,082,
ax _ S+ b1xS + byxS* + by S + b3xS> 4+ b38% 4+ - - + byxS" + b, S" (12)
di " "
Ay 138" 4 by ST
where,
o= (d—b)A| +bdAs —a

(my — Da2d ’
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mi
“@= a«/dklml ’
((d —b)Ay + bd A3 — Ay)/m1ky
a3 = LRI
(my — 1)2a3d/d
((d = b)Ay — Ay_y) (Vmiky 1)”‘1
n+1 = n+1 ’
(m; — l)nan+l (ﬁ)
. Ay (Vmikp)" )
(m; — 1)n+lan+2 (ﬁ)n
1 Ah/ 1k - Ala/ 1k
by=—, b= by =
ad (mi — Daddvd’ (m1 — a2vd’
A, (Vmiky)" _ A, (Vmiky)"
bn-H - +27 n+1 -

(m1 — 1)rant? («/E)n (my — g1 (\/E)n

Let S = rcos#, x = rsin6. Then, system (12) becomes

d
d_; = cos@(mS2 —arxS + a3S3 + a4S4 +--- 4+ an+1S”+1 — a,,+2S”+2)

+ sin9(b1x5+b2x52+15252+b3xS3+B3 34 by xS b, ST,
do
= =1- —[sm@(a] S? —arxS +a38® + agSt 4+ -+ a1 " — a,128"1?)

—cosfO(b1xS +boxS? + by S% + - - +bn+1xS”+12 +5n+15n+1)]_

Substituting by S = r cos 8, x = r sin 6, and cancel the time variable 7. If expend 3—9
as a power series in 7, we have

d _

é = r2[a1 cos’> 6 + (by — ap) sinf cos2 O + by sinZ 6 cos 0]
+r3{[a3 cos*O + b3 cos® 0 sin6 + by cos® 6 sin 0] — [a; cos® 6 (13)
+(by — ap) cos? 6 sin @ + by cosb sin® 0] [ba cos’ 6

+(b; — al)cos29 sinf + ay cos O sin’ o1 +---.

Assume that the solution of (13) takes the form r = ¢ + r2(0)c? + r3(0)c> + - - -,
with r1(0) = r(0) = r3(0) = - - - = 0. Then substituting this solution into (13) and
comparing the coefficients of ¢, one has

d _
d—r; =aqa cos> 9 + (by — ap) cos2 6 sin@ + by sin% @ cos 6.

Integrating the above equation in [0, 8] will result in
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by —ay

1 by —
r2(0) = i sin6 + 3 (b — ap)sin®0 — ZT“Q cos3 6 + .

It is easy to see that r2(f) is a periodic function with the period 2. Compare the
coefficients of ¢3, we have

d _

d—’; =2nla; cos> 6§ — (by — ap) sinf cos2 6 + by sin% @ cos 0]+ {as cos* 0
+b3 cos> 0sinf + by cos 6 sin® § — la; cos’ 6 + (by — an) cos? 6 sin @
+b cosb sin’ 0] [ba cos> 0 + (b1 —ay) cos? 6 sin + ap cos 6 sin’ 01}.

Let r3(0) = g30 + f3(0), then

1 [ 4 _ 4 2 1
g3 = I A [(—galbz + galag — gblbz - §a2bl + bZ) cos” 6

+ > b 8 4b1§ +7 by + b 49
= - = - = = - Ccos
3611 v 3611(12 3 102 3a21 as v

+ (=2a1by + 2b1by + 2a1a; — 2azby) cos® 9} do,
that is,

—215+7 5b5+1b+1b+3 (14)
83 = 3012 2411102 2412 12021 82 803'

13(0)
? 2 A 3 2 2 2 2 2 - A
:/ |:(2a1 + b3)sinf cos” 6 + (a2 — b] — §a1 + galbz —axby +a1b1)
0

2

1, , 1= 5. .
=b5 + —a; — §b2a2 —ayby ) cos” 0sin6

3 3

x cos> 0 sin® 6 + (a% -
.3 2 i 3
+2a1b; sin” 6 cos 6 + gal(bz —ap)cos” 6
2z 2 20 2z )
—g(bz—dz) cos 951n9+§(b2—a2)b1 sin“ 0 cos 6 | d6.

Obviously, f3(6) is a periodic function with the period 2r. If g3 < 0, by the criteria
of the successor function, M5 is a first order stable focus, and if Ao Ry, M5 is
unstable, by the method of Friedrich (see [18]), the periodic solution surrounding M;
is stable. We thus complete the proof of Theorem 6. O
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4 Conclusion

We have showed it analytically that the limit cycle created by the bifurcation in the
stable manifold S — x face of system (2) is stable under certain conditions. This
work is based on many numerical simulations [2,14]. As an example, Fig. 2, which
is from Pilyugin and Waltman [14], Fig. 2, p. 159, shows that for some particular
system parameters, system (7) can have two limit cycles. As shown in the figure, of
the two periodic trajectories shown here, the outer is asymptotically stable and the
inner is unstable. The asymptotically stable equilibrium E| or M, as in Theorem 3
(not shown) is located inside the inner cycle.
We would like to consider another example,

s 1 28 1 msS

i R e AN ,

d1 1+c8307+5 212065+5

dx 28

T (=2 ), 15
di x(0.7+s ) (15)

dy myS
=y —1),
dt 6.5+ S
S(0) = So =0, x(0), y(0) =0.

As shown in Fig. 1, the five stable limit cycles in the positive orthant correspond to
my = 9.8540.05k, k = 1,2, ..., 5. They were computed as numerical simulations of
(15) with initial conditions: S(0) = 0.4, x(0) = 2.0, y(0) = 0.01 for 0 < ¢ < 5000.
The figure shows the parametric plots of these solutions for 4500 < ¢ < 5000. The
limit cycle in the S — x plane is the trajectory of (2). It was computed by setting
S(0) =0.4,x(0) =2.0, y(0) =0.

These numerical simulations indicate that a further study of the system proposed in
this paper is useful in describing the microbial growth dynamics in chemostat when

or m=2.0,a=0.58,c=46.0

s

0.2 0.3 0.4 05 06 07 0.8 0.0
Fig. 2 Two limit cycles in the stable manifold S — x face of system (2) (see [14], Fig. 2, p. 159)
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the yield depends on the limiting nutrient concentration. For some particular choice
of the system parameters, the variable yield models exhibit sustained oscillations and
multiple limit cycles exist. The variable yield model conforms to the experimental data
on microbial growth in continuous cultures that exhibit sustained oscillations (see [14]
and its references).

Because many authors have already suggested some particular polynomials as the
yield coefficients (see, for example [2-5,12-14,16,19]), it is of interests to use com-
plete nth and mth order polynomials in analyzing the dynamical behavior of the chemo-
stat. That helps to understand how the yield depends on the substrate and to incorporate
the term correctly in the model.

Note that the conditions of the theorems are in terms of the system functions and
parameters. This might be useful in reactor technology. The dynamical system on the
stable manifold y = O (i.e. the S — x face) is important when the microorganism x is
a better competitor [10].

The existence of limit cycles in the three-dimensional system (2) has not been proved
directly in the three-dimensional space, but in the two-dimensional stable manifold.
However, the limit cycles on the face y = 0 are still the ones of the space. In general,
proving the existence of periodic solutions of the n-dimensional differential system
is always of interest in both theory and applications. This is because the situation of
n > 3 is much complicated than the one of n = 2 and the powerful tools in the plane
system like the Poincare-Bendixson theorem cannot be applied directly in the space.
So any results regarding the 3-D limit cycles are welcome in this area.

Finally, we would like to mention, suggested by one of the referee, that a generaliza-
tion of the Poincare-Bendixson theorem for higher dimensional cases with chemical
application can be found in the last reference [17].

Acknowledgements The authors would like to acknowledge the anonymous referees for their helpful
comments.
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